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– 3 Bernhard Riemann
Grundlagen fiir eine allgemeine Theorie der Hhnctionen einer ver\"anderlichen















$w$ $z$ $w$ $u$ $v$ $z$
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$u,$ $v$ $u$













(2) $\int[(\frac{\partial\alpha}{\partial x}-\frac{\partial\beta}{\partial y})^{2}+(\frac{\partial\alpha}{\partial y}+\frac{\partial\beta}{\partial x})^{2}]dxdy$










( 1851 ; 2 1867 )
1.
$z$ 1 1










$z$ $x+yi$ ( $i=\sqrt{-1}$)
$x+yi$ $x+yi+dx+dyi$ $z$ 2 2 $w$
$u+vi$ $u+vi+du+dvi$ $w$ $z$





$= \frac{1}{2}(\frac{\partial u}{\partial x}+\frac{\partial v}{\partial y})+\frac{1}{2}(\frac{\partial v}{\partial x}-\frac{\partial u}{\partial y})i$
$+ \frac{1}{2}[\frac{\partial u}{\partial x}-\frac{\partial v}{\partial y}+(\frac{\partial v}{\partial x}+\frac{\partial u}{\partial y})i]\frac{dx-dyi}{dx+dyi}$
$= \frac{1}{2}(\frac{\partial u}{\partial x}+\frac{\partial v}{\partial y})+\frac{1}{2}(\frac{\partial v}{\partial x}-\frac{\partial u}{\partial y})i$












$z$ $x+yi$ | $A$ $x,$ $y$ $O$ $w$











$o$ $O$ $A$ $q$
$B$
$x+yi+dx+dyi$ $u+vi+du+dvi$ $z$ $w$ $dx,$ $dy$
du, $dv$ $\mathit{0}$ $Q$ $\mathit{0}$ $q$ dx+dyi=\epsilon e\mbox{\boldmath $\varphi$}i
$du+dvi=\eta e^{\psi i}$ $\epsilon_{\text{ }}\varphi_{\text{ }}\eta_{\text{ }}\psi$

















$\frac{(\frac{\partial u}{\partial x}+\frac{\partial v}{\partial x}i)dx+(\frac{\partial v}{\partial y}-\frac{\partial u}{\partial y}i)dyi}{dx+dyi}$
$dx$ $dy$ 2
$\frac{\partial u}{\partial x}=\frac{\partial v}{\partial y}$
$\mathrm{a}\text{ }$
$\frac{\partial v}{\partial x}=-\frac{\partial u}{\partial y}$
$w=u+vi$ $z=x+yi$
:





















$a_{1},$ $a_{2},$ $\cdots$ , an
$a_{1}’,$ $a_{2}’,$ $\cdots,$




$a_{n}’$ 1 $\sigma$ ( $l$ )
$a_{1},$ $a_{2},$ $\cdots,$ $a_{n}$ $a_{\alpha_{1}},$ $a_{\alpha_{2}},$ $\cdots,$ $a_{\alpha_{n}}$
$\alpha_{1},$ $\alpha_{2},$ $\cdots,$ $\alpha_{n}$ 1, 2, 3, $\cdots,$ $n$
$\sigma$ $a_{1}$ $a_{1}’$ $\sigma$ $a_{\alpha_{1}}$
1 $\sigma$ (2)









$(m_{1}-1),$ $(m_{2}-1)\cdot-\cdot$ . $\sigma$ $\text{ }$
$T$ T
;
1 $T$ $O$ *






$x$ $y$ 1 2








I. $A$ ab 2
1 $cd$ 2
ab $c$
ab ab $cb$ $cd$ $\mathrm{a}\mathrm{t}_{\vee}1$
1 $A$
$\mathrm{I}\mathrm{I}$ . $T$ $n_{1}$ $*$ $q_{1}$ $m_{1}$ $T_{1}$







2) $q_{2}$ 1 $q_{1}$ 1
$q_{1}$ 1 $q_{1}$ 1
$\mu$ (
) $\nu_{1}$ $q_{2}$ $q_{1}$ $\mathrm{a}_{\text{ }}$ $\nu_{2}$ $q_{1}$
$q_{2}$ $\nu_{3}$ $q_{1}$ $q_{2}$































1 $q$ $a$ 1 $b$ 1
$a_{\text{ }}q_{\text{ }}b_{\text{ }}q$ 1
1 2 –
2 1 –
1 $\mathit{0}$ $\mathit{0}$ 1 $a$
$l$












$X$ $\mathrm{Y}$ $A$ $T$ $x,$ $y$ 2
$dT$
$\int(\frac{\partial X}{\partial x}+\frac{\partial \mathrm{Y}}{\partial y})dT=-\int(X\cos\xi+\mathrm{Y}\cos\eta)ds$ .
$x$ $\xi_{\text{ }}y$
$\eta$ [ ] $ds$




$\int\frac{\partial X}{\partial x}dT$ $dy \int\frac{\partial X}{\partial x}dx$
$dy$ 1 $T$ 1
( $x$ ) $O,,$ $O,,,$ $O,,,,$ $\cdots\text{ }$
$O’,$ $O”,$ $O”’,$ $\cdots$ $X,,$ $X,,,$ $X,,,,$ $\cdots,$ $X’,$ $X”,$ $X”’,$ $\cdots$ $X$
$ds,,$ $ds,,,$ $ds,,,,$ $\cdots,$ $ds’,$ $ds”,$ $ds”’,$ $\cdots$
$\xi,,$ $\xi,,,$ $\xi,,,,$ $\cdots,$
$\xi’,$ $\xi’’,$ $\xi’’’,$ $\cdots$ $\xi$
$\int\frac{\partial X}{\partial x}dx=-X,$ $-X,,-X_{\prime},,\ldots$
$+X’+X”+X”’\cdots$
$\xi$








$\int\frac{\partial X}{\partial x}dT=-\int X\cos\xi ds$
$\int\frac{\partial \mathrm{Y}}{\partial x}dT=-\int \mathrm{Y}$ co.s $\eta ds$ .
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$\frac{\partial x}{\partial p}=\cos\xi,$ $\frac{\partial y}{\partial p}=\cos\eta,$
$\frac{\partial x}{\partial s}=.\pm\cos\eta,$ $\frac{\partial y}{\partial s}=\mp\cos\xi$
$s$ $p$ [ ]
$x$ $y$
$\frac{\partial x}{\partial s}=\frac{\partial y}{\partial p}$




$dp$ $ds$ ; Z
$\text{ ^{}\grave{\backslash }}$ $dp$
$s$ [ ]
$\cos\xi$ $\cos\eta$
$\int(\frac{\partial X}{\partial x}+\frac{\partial \mathrm{Y}}{\partial y})dT=-\int(X.\cdot\frac{.\partial x}{.\partial p}+.\mathrm{Y}\frac{\partial y}{\partial p})ds=\int(X\frac{\partial y}{\partial s}-\mathrm{Y}\frac{\partial x}{\partial s})ds$
9.
$\frac{\partial\acute{X}}{\partial x}+\frac{\partial \mathrm{Y}}{\partial y}=0$
:
97
I. $X$ $\mathrm{Y}$ $T$
$\frac{\partial X}{\partial x}+\frac{\partial \mathrm{Y}}{\partial y}=0$
2 $T$ [ ]
$\int(X\frac{\partial x}{\partial p}+\mathrm{Y}\frac{\partial y}{\partial p})ds=0$ .
$A$ $T_{1}$ 2 $T_{2}$ $T_{3}$
$T_{2}$
$\int(X\frac{\partial x}{\partial p}+\mathrm{Y}\frac{\partial y}{\partial p})ds$
$T_{1}$ $T_{3}$
$T_{3}$ [ ] $T_{1}$ $T_{2}$
I. [ ] :
$\mathrm{I}\mathrm{I}$ . $A$




$\mathrm{I}\mathrm{I}$ . [ ] :
III. $T$
$\int(X\frac{\partial x}{\partial p}+\mathrm{Y}\frac{\partial y}{\partial p})ds$
$\int(X\frac{\partial x}{\partial \mathrm{p}}+\mathrm{Y}\frac{\partial y}{\partial p})ds$
$O$




$\int_{0}^{2\pi}(X\frac{\partial X}{\partial p}+\mathrm{Y}\frac{\partial y}{\partial p})\rho d\varphi$
0 $\chi$ [ ]
$\chi$ $\rho$
$(X \frac{\partial x}{\partial p}+\mathrm{Y}\frac{\partial y}{\partial p})\rho$
$\varphi$
$\frac{\chi}{2\pi}$
$\int_{0}^{2\pi}(X\frac{\partial x}{\partial p}+\mathrm{Y}\frac{\partial y}{\partial p})\rho d\varphi<\chi$
$\mathrm{I}\mathrm{V}$ . $A$
$\int(X\frac{\partial x}{\partial p}+\mathrm{Y}\frac{\partial y}{\partial p})ds$
$= \int(\mathrm{Y}\frac{\partial x}{\partial s}-X\frac{\partial y}{\partial s})ds=0$
2 $O_{0}$ $O$ $O_{0}$ $O$
$O_{0}$ $O$ 2 $s_{1}$ $s_{2}$ $s_{3}$ [ ]
$\mathrm{a}_{\text{ }}$
[
] [ ] 1 1 ;
1
$\int(\mathrm{Y}\frac{\partial x}{\partial s}-X\frac{\partial y}{\partial s})ds$
0 $s_{3}$
$s$ $s_{1}$
$s_{2}$ 1 $O_{0}$ $O$
$O$ $O_{0}$
$T$ [ ]
$\frac{\partial X}{\partial x}+\frac{\partial \mathrm{Y}}{\partial y}=0$
99
$\int(\mathrm{Y}\frac{\partial x}{\partial s}-X\frac{\partial y}{\partial s})ds=0$
T* $T^{*}$
1 $O_{0}$ $O$ ;




$( \mathrm{Y}\frac{\partial x}{\partial s}-X\frac{\partial y}{\partial s})ds$
$T^{*}$ $T$
.
$Z= \int_{\mathit{0}_{\mathrm{o}}}^{O}(\mathrm{Y}\frac{\partial x}{\partial s}-X\frac{\partial y}{\partial s})ds$
$O_{0}$ $x,$ $y$ $T^{*}$
$T$ 1








$u \frac{\partial u’}{\partial x}-u’\frac{\partial u}{\partial x}$ $\mathrm{Y}$ $u \frac{\partial u’}{\partial y}-.u’\frac{\partial u}{\partial y}$
-
$\frac{\partial X}{\partial x}+\frac{\partial \mathrm{Y}}{\partial y}=u(\frac{\partial^{2}u’\backslash }{\partial x^{2}}+\frac{\partial^{2}u’}{\partial y^{2}})$
.
$-u’( \frac{\partial^{2}u}{\partial x^{2}}+\frac{\partial^{2}u}{\partial y^{2}})$
100
$u$ $u’$
$\frac{\partial^{2}u}{\partial x^{2}}+\frac{\partial^{2}u}{\partial y^{2}}=0,$ $\frac{\partial^{2}u’}{\partial x^{2}}+\frac{\partial^{2}u’}{\partial y^{2}}=0$
$\frac{\partial X}{\partial x}+\frac{\partial \mathrm{Y}}{\partial y}=0$
$\int(X\frac{\partial x}{\partial p}+\mathrm{Y}\frac{\partial y}{\partial p})ds$,




$\text{ }l_{\sim}^{arrow}\rho\frac{\partial u}{\partial x}\text{ }\rho\frac{\partial u}{\partial y}\text{ }$ ” $t_{}^{7p\text{ _{ }}}1_{\vee}_{}’\mathrm{B}^{\grave{\grave{\mathrm{a}}}}\text{ _{ }}$ III. \emptyset Y‘f $\not\in_{-\backslash },t_{\mathrm{c}}^{arrow}\text{ }u$ 01
$\rho$
$R$ [ $\rho$ ]
$\rho\frac{\partial u}{\partial\rho}=\frac{\partial u}{\partial x}\frac{\partial x}{\partial\rho}+\frac{\partial u}{\partial y}\frac{\partial y}{\partial\rho}$
$u$ $\rho=R$ $U$ $\rho\frac{\partial u}{\partial\rho}$
$M$ $u-U<M(\log\rho-\log R)$
$\rho$ ($u$ -U) $\rho u$ $\rho$ ; $\rho\frac{\partial u}{\partial x}$
$\text{ }\rho\frac{\partial u}{\partial y}‘$ 76 $\text{ }\mathrm{P}$) $[perp]\backslash$“ $|_{\vee}_{\tilde{}}\mathrm{B}^{\grave{\grave{\mathrm{a}}},}\supset \mathrm{C}_{\text{ }}\vee \text{ }1_{\vee}u’\#arrow$ 4 ’ $\mathrm{f}_{\text{ }^{}\backslash }$
$\rho(u\frac{\partial u’}{\partial x}-u’\frac{\partial u}{\partial x})$ $\rho(u\frac{\partial u’}{\partial y}-u’\frac{\partial u}{\partial y})$
;
$O$ $T$ $A$





$x\ovalbox{\tt\small REJECT} x_{0},$ $y\ovalbox{\tt\small REJECT} y_{0}$
$T$
9 III. $u$ [ ] $\sqrt\ovalbox{\tt\small REJECT}\log r$ $T$ [ ]
$\int(u\frac{\partial 1\mathrm{o}\mathrm{g}r}{\partial p}-\log r\frac{\partial u}{\partial p})ds$
$O_{0}$ $r$
[ ] [ ] $O$ $\varphi$
$- \int_{0}^{2\pi}u\frac{\partial 1\mathrm{o}\mathrm{g}r}{\partial r}rd\varphi-\log r\int\frac{\partial u}{\partial p}ds$
$\int\frac{\partial u}{\partial p}ds=0$ (), $=- \int_{0}^{2\pi}ud\varphi$.
$u$ $O_{0}$ $r$ $u_{0}2\pi$
$u$ $T$ $O_{0}$
$u$ [ ]







$\partial u$ $\partial u$
2)
$u_{\text{ }}\overline{\partial x}\text{ }\overline{\partial y}$
” 1 $-\mathrm{C}\text{ }$ $[]\mathrm{h}$ ‘ltl ’5’ $\mathrm{A}\mathrm{a}_{\text{ }}$




$\int(\log r\frac{\partial u}{\partial p}-u\frac{\partial 1\mathrm{o}\mathrm{g}r}{\partial p})ds$
7 6 $\text{ }l\mathrm{h}_{\text{ }}\log r,$ $\frac{\partial 1\mathrm{o}\mathrm{g}r}{\partial x},$ $\frac{\partial 1\mathrm{o}\mathrm{g}r}{\partial y}$






I. 1 $u=0$ $\frac{\partial u}{\partial p}=0$ $u$ 0




$O_{0}$ $O$ $r,$ $\varphi$
[ ]
$\int\log r\frac{\partial u}{\partial p}ds-\int u\frac{\partial 1\mathrm{o}\mathrm{g}r}{\partial p}ds=0$
[ ]





$\#_{\vee\text{ }}$ $u=0,$ $\frac{\partial u}{\partial p}=0$ $u$ $-\mathrm{C}\text{ }$ ffi $b$ 0 0 $\text{ }.\text{ }$ 9 $t\iota*\supsetarrow \text{ }$ $\text{ ^{}\wedge}$ $\text{ }$ ’
$\text{ ^{}\sim}C_{\text{ }}$ ffi $T\sigma$) $\mathrm{r}\mathrm{P}^{-}C.\text{ }\mathrm{f}\mathrm{f}\mathrm{i}\text{ }1u=0,$ $\frac{\partial u}{\partial p}=0\text{ }\prime x\text{ }$ $\text{ }$ $T\text{ }1\mathrm{n}\Re \mathrm{f}\mathrm{f}\text{ }u$ 0 $\text{ }r_{f\text{ }}$
$\mathrm{a}_{\text{ }}$ $u=0$
$\mathrm{a}_{\text{ }}$ $u$ $\frac{\partial u}{\partial p}=0$
$\mathrm{I}\mathrm{I}$ . $u$ $\frac{\partial u}{\partial p}$ 1 $u$ $T$






$\text{ }\mathrm{I}\mathrm{h}k_{|\mathrm{J}}\text{ }$ I. &: \mbox{\boldmath $\tau$}6 $\circ$
III. $T$ $u$ $u$
$u$ $u$ $\mathrm{t}_{\vee}$
:







[$=$ ] $)$ $T$





$z$ $w$ 1 $\mathit{0}’$
$z=z’$ , $w(z-z’)$ $O$
$w$ $z-z’=\rho e^{\varphi i}$ $u$ $v$
:
$T$
1) $\frac{\partial u}{\partial x}-\frac{\partial v}{\partial y}=0$ ,
2) $\frac{\partial u}{\partial y}+\frac{\partial v}{\partial x}=0$ ;
3) $u$ $v$ 1 ;
4) $O’$ $O$ $\rho$ $\rho u$ $\rho v$ ;
5) $u,$ $v$
2), 3), 4) $T$
$\int(u\frac{\partial x}{\partial s}-v\frac{\partial y}{\partial s})ds$
9 III. $=0$
$\int_{\mathit{0}_{\mathrm{O}}}^{O}(u\frac{\partial x}{\partial s}-v\frac{\partial y}{\partial s})ds$
( 9 $\mathrm{I}\mathrm{V}$ . ) $O_{0}$ $O$ $O_{0}$
$x,$ $y$ $U$ ( 5)
0 $\text{ }$ ) $\frac{\partial U}{\partial x}=u,$ $\frac{\partial U}{\partial y}=-v\mathrm{I}\text{ _{ }}arrow \text{ }$ 60 $\text{ }u$ &v $\text{ }$ $-\text{ }\iota_{}\text{ }$ o\subset 1),
3), 4) 10 $U$ $T$













$n$ $(z-z’)^{n}w=\rho^{n}e^{n\varphi i}w$ $\rho$
$(z-z’)^{n-1}w$ $z$ ( $\frac{d(z-z’)^{n-1}w}{dz}$ $dz$ )
12 $O’$ $O’$
$a_{n-1}$ (z-z/)n-lw–a -l $=0$













$\zeta=\xi+\eta i$ $O$ $\xi,$ $\eta$ $\Theta$
$\Theta$ $O$ $T$ $\Lambda$
$O’$ $\Theta’$




$a_{1}$ , a2, $a_{3},$ $\cdots$ a $a_{1}’,$ $a_{2}’,$ $a_{3}’,$ $\cdots a_{n}’$ z–z’
$a_{1},$ $a_{2},$ $a_{3},$ $\cdots a_{n}$ $a_{1}’,$ $a_{2}’,$ $a_{3}’,$ $\cdots a_{n-1}’$
$a_{n}’,$ $a_{1}’,$ $a_{2}’,$ $\cdots a_{n-1}’$ $O’$ ( )
$a_{1},$ $a_{1}’,$ $a_{2},$ $a_{2}’,$ $\cdots a_{n},$ $a_{n}’$ $a_{n}’$ $a_{1}$











$\psi=\frac{2\pi}{n}$ $a_{2}’$ $\psi=\frac{2\pi}{n}$ $\psi=\frac{3\pi}{n}$ $a_{n}’$ $\psi=\frac{2n-1}{n}\pi$ $\psi=2\pi$
$\text{ }\varphi$






$O$ \mbox{\boldmath $\theta$} $\Theta$ $O$ ;
$z$ $\zeta$
$\frac{dw}{dz}$ $dz$
$\frac{dw}{d\zeta}$ $d\zeta$ $z$ $w$ $O’$
$(z-z’)^{\frac{1}{n}}$ 12 13
:













$B$ $u,$ $v$ $Q$ :





: $w$ $\grave{\grave{\mathrm{a}}}$ 1 $a+bi$ $u-a \text{ }\frac{\partial(u-a)}{\partial p}(=-\frac{\partial v}{\partial s})$
$\frac{\partial^{2}(u-a)}{\partial x^{2}}+\frac{\partial^{2}(u-a)}{\partial y^{2}}$
$=0$ 11 I. $u$ -a
$\frac{\partial u}{\partial x}=\frac{\partial v}{\partial y}$ $\frac{\partial u}{\partial y}=-\frac{\partial v}{\partial x}$
107
$v-b$ $=0$
$\mathrm{I}\mathrm{I}$ . $\mathrm{I}$ . $S$ $T$





. $\frac{dw}{dz}$ $Q’$ $S$ . $\text{ }$




. I. , $\frac{dw}{dz}$ . $z$ . $=0$
$\text{ }$ . $w$
$T$ ;
III. $S$ 5 $T$ ;



















$\beta$ $x,$ $y$ 2 $A$ $T$






$L= \int((\frac{\partial\lambda}{\partial x})^{2}+(\frac{\partial\lambda}{\partial y})^{2})dT$
$\omega$ $\alpha+\lambda$ 1









2 $u$ $\Omega$ $\omega$ 1
$h$ $u+h\lambda$ $\omega$
$\omega=u+h\lambda$ $\Omega$
$= \int[(\frac{\partial u}{\partial x}-\frac{\partial\beta}{\partial y})^{2}+(\frac{\partial u}{\partial y}+\frac{\partial\beta}{\partial x})^{2}]dT$
$+2h \int[(\frac{\partial u}{\partial x}-\frac{\partial\beta}{\partial y})\frac{\partial\lambda}{\partial x}+(\frac{\partial u}{\partial y}+\frac{\partial\beta}{\partial x})\frac{\partial\lambda}{\partial y}]dT$
$+h^{2} \int((\frac{\partial\lambda}{\partial x})^{2}+(\frac{\partial\lambda}{\partial y})^{2})dT=M+2Nh+Lh^{2}$
$\lambda$ ( ) $\text{ }h$
$M$ $\lambda$ $N=0$
$2Nh+Lh^{2}=Lh^{2}(1+ \frac{2N}{Lh})$
$h$ $N$ $< \frac{2N}{L}$
$\omega=u+\lambda$ $\Omega$ $\omega$
$=M+L$ $L$ $\Omega$ $\omega$
$w=u$
$\omega$ $u’$ $\Omega$ $M’$
$M’\leq M_{\text{ }}$ M\leq M’
$M=M’$ $u’$ $u+\lambda’$ $M’$ $M+L’$
109
$L’$ $\lambda\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ $L$ $M\ovalbox{\tt\small REJECT} M’$ $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} 0$
$\partial\ovalbox{\tt\small REJECT}$ $\partial\ovalbox{\tt\small REJECT}$












$s$ $p$ $s$ $p$
$\kappa$ $T’$
$p$ $p_{1}$
$p_{2}$ $\gamma$ $\gamma_{1^{\text{ }}}\gamma_{2}$
1 $T’$
$L$





$= \frac{(\gamma_{1}-\gamma_{2})^{2}\kappa}{\log(1-\kappa p_{2})-1\mathrm{o}\mathrm{g}(1-\kappa p_{1})}$
$\lambda$ $T$
$> \int\frac{(\gamma_{1}-\gamma_{2})^{2}\kappa ds}{\log(1-\kappa p_{2})-1\mathrm{o}\mathrm{g}(1-\kappa p_{1})}$
$(\gamma_{1}-\gamma_{2})^{2}$ $\pi_{1}>p_{1}>0$ $\pi_{2}>p_{2}>0$
$\pi_{1}-\pi_{2}$ $\gamma$ $p=0$
; $s$ $m$ $\pi_{1}-\pi_{2}$




$T’$ $p$ ’ $p_{2}$ $P_{1}$
$\int\frac{m\kappa ds}{\log(1-\kappa P_{2})-1\mathrm{o}\mathrm{g}(1-\kappa P_{1})}$
$a$
$\int\frac{m\kappa ds}{\log(1-\kappa p_{2})-1\mathrm{o}\mathrm{g}(1-\kappa p_{1})}>C$
$p_{1}$ $p_{2}$ $s$
$p_{1}< \frac{1-(1-\kappa P_{1})^{a}\sigma}{\kappa},$ $p_{2}> \frac{1-(1-\kappa P_{2})^{a}\sigma}{\kappa}$ $(\gamma_{1}-\gamma_{2})^{2}>m$
$\lambda$ $T’$ $T’$
$L$ $L$ $>C$ $(^{6})$
18.
16 $u$ $\lambda$ 1 $T$ [ ff]
$N= \int[(\frac{\partial u}{\partial x}-\frac{\partial\beta}{\partial y})\frac{\partial\lambda}{\partial x}+(\frac{\partial u}{\partial y}+\frac{\partial\beta}{\partial x})\frac{\partial\lambda}{\partial y}]dT$
$=0$
$T$ $u_{\text{ }}\beta_{\text{ }}\lambda$ $T’$ $T”$
$N$ [ ] $\text{ }$ $( \frac{\partial u}{\partial x}-\frac{\partial\beta}{\partial y})\lambda$ $X$ . $( \frac{\partial u}{\partial y}+\frac{\partial\beta}{\partial x})\lambda$ $\mathrm{Y}$ 7 8
$=- \int\lambda(\frac{\partial^{2}u}{\partial x^{2}}+\frac{\partial^{2}u}{\partial y^{2}})dT-\int(\frac{\partial u}{\partial p}+\frac{\partial\beta}{\partial s})\lambda ds$
$\lambda$
$\gamma$) [ ]
$\int(\frac{\partial u}{\partial p}+\frac{\partial\beta}{\partial s})ds$
$T$ $T”$ 0 $N$ $T”$
$- \int\lambda(\frac{\partial^{2}u}{\partial x^{2}}+\frac{\partial^{2}u}{\partial y^{2}})dT$
111
$T’$ [ ]




0 $\lambda$ $T’$ $=0$ $T”$
$\lambda(\frac{\partial^{2}u}{\partial x^{2}}+\frac{\partial^{2}u}{\partial y^{2}})$ $\frac{\partial^{2}u}{\partial x^{2}}+\frac{\partial^{2}u}{\partial y^{2}}$
$T$ $=0$ $T”$ $N$ $\lambda$
$N=0$ 0
$\text{ }\frac{\partial u}{\partial x}-\frac{\partial\beta}{\partial y}\text{ }\frac{\partial u}{\partial y}+\frac{\partial\beta}{\partial x}[]_{\vee}arrow\lambda\backslash 1\text{ }$ ‘ $7\mathrm{B}^{1}\text{ }=X_{\text{ }}oe’\text{ }=\mathrm{Y}$
$\frac{\partial X}{\partial x}+\frac{\partial \mathrm{Y}}{\partial y}=0$
$T$ [ ]
$\int(X\frac{\partial x}{\partial p}+\mathrm{Y}\frac{\partial y}{\partial p})ds=0$
$T$ ( 9 V. ) $T$ $T^{*}$
$- \int_{\mathit{0}_{\mathrm{O}}}^{O}(\frac{\partial u}{\partial p}+\frac{\partial\beta}{\partial s})ds$
$T^{*}$ $O_{0}$ $O$ $O0$
$x,$ $y$ $T^{*}$ 1
$\nu$ $\beta$ $v=\beta+\nu$
$\frac{\partial v}{\partial x}=-\frac{\partial u}{\partial y},$ $\frac{\partial v}{\partial y}=\frac{\partial u}{\partial x}$
$T^{*}$ $T$ $x,$ $y$ $\alpha+\beta i$
[ ]
$\int[(\frac{\partial\alpha}{\partial x}-\frac{\partial\beta}{\partial y})^{2}+(\frac{\partial\alpha}{\partial y}+\frac{\partial\beta}{\partial x})^{2}]dT$
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$x,$ $y$ $\mu+\nu i$ $z$
:
1) $\mu$ $=0$ $\nu$ 1
;
2) $T$ $\mu$ $T^{*}$ $\nu$
[ ]
$\int[(\frac{\partial\mu}{\partial x})^{2}+(\frac{\partial\mu}{\partial y})^{2}]dT$ $\text{ }$ $\int[(\frac{\partial\nu}{\partial x})^{2}+(\frac{\partial\nu}{\partial y})^{2}]dT$
[ $=\nu$ ] [ ]
$\mu+\nu i$ $\mu$
$\Omega$
$u=\alpha+\mu$ $\lambda$ $N=0$ 16





$z$ $w=u+vi$ l :
1) $u$ 1
$*i$









































































$w=0$ 1 $K$ $A$ $T$ $K$
[= ]
$O_{0}$ $T$ $O’$
$z,$ $Q$ $O_{0},$ $O’$ $T$ $O_{0}$
$\Theta$ $T$






$\log(z-z_{0})$ $O$ ( 8
$p<0$ ) $2\pi i$
$\Theta$
$x,$ $y$ $\alpha+\beta i$
$\Theta$ $\log(z-z_{0})$ ;
:
1) $\Theta$ $=\log(z-z_{0})_{\text{ }}T$
2) $l$ $-2\pi i$
$\int(($
.
$\frac{\partial\alpha}{\partial x}-\frac{\partial\beta}{\partial y})^{2}+(\frac{\partial\alpha}{\partial y}.+\frac{\partial\beta}{\partial x})^{2})dT$
$\Theta$ 0 [18
19 ] $x,$ $y$
$z$ $t=m+ni$ $m$ =0 $O_{0}$
$=-\infty$ $T$ 0 $\infty$ $m$ $a$
116
$T$ $m=a$ $m<a$ $O_{0}$ $m>a$
$T$ $m=a$
$T$ $=-1$
0 -1 2 2
1 $m$
–1
– 11 III. $m$
$O_{0}$
$m$
( 8 $s$ ) $\text{ }n$
$n$ $l$ $-2\pi$
$*$
0 $2\pi$ $2\pi$ $e^{t}=w$
$e^{m}$ $n$ $Q$ $K$ $Q$ $K$
$S$ ; $Q_{0}$ $Q’$ $n$














1. $w=u+vi$ $z=x+yi$ $w$ $z$
$\frac{dw}{dz}$ $dz$ $w$ $z$
1
2. $z$ $w$ 2 $A$ $B$ $O$ $Q$
1 2
3. $\frac{dw}{dz}$ $dz$ ( 1 )
2
4. $\frac{dw}{dz}$ $dz$ $\frac{\partial u}{\partial x}=\frac{\partial v}{\partial y},$ $\frac{\partial u}{\partial y}=-\frac{\partial v}{\partial x}$ & $\text{ }$
$\frac{\partial^{2}u}{\partial x^{2}}+\frac{\partial^{2}u}{\partial y^{2}}=0,$ $\frac{\partial^{2}v}{\partial x^{2}}+\frac{\partial^{2}v}{\partial y^{2}}=0$ “ $\text{ }$ 3
5. $O$ $A$ $A$ $T$
3
6. 5
7. $T$ $\int(\frac{\partial X}{\partial x}+\frac{\partial \mathrm{Y}}{\partial y})dT$ $\int(X\cos\xi+\mathrm{Y}\cos\eta)ds$
$X$ $\mathrm{Y}$ $T$ $x,$ $y$ 7
8. $O$ $s$ $p$ $ds$ $dp$
$\frac{\partial x}{\partial s}=\frac{\partial y}{\partial p}$ 8
9.
$\frac{\partial X}{\partial x}+\frac{\partial \mathrm{Y}}{\partial y}=0$
7 8
10. $A$ $F$ $\frac{\partial^{2}u}{\partial x^{2}}+\frac{\partial^{2}u}{\partial y^{2}}=0$
11
11. 14
12. $A$ $F$ $z$ $w$
15
13. 1 16
14. 12, 13 17
*
118
15. $z$ $w$ $A$ $T$ $B$
$S$ 18




18. $T^{*}$ $T$ $x,$ $y$
$\alpha+\beta i$
$\int[(\frac{\partial\alpha}{\partial x}-\frac{\partial\beta}{\partial y})^{2}+(\frac{\partial\alpha}{\partial y}+\frac{\partial\beta}{\partial x})^{2}]dT$
$x,$ $y$ $\mu+\nu i$
$z$ :1) $\mu$ $=0$ $\nu[]\mathrm{h}1$
;2) $T$ $\mu$ $T^{*}$ $\nu$
[ ]











(1) (1 ) :
$z=a$ $z=b$ $w$ $z$
[ ] : $z$
$w$
$\epsilon$
$\alpha$ $\alpha$ $z$ $w$ 2 $\epsilon$
( $\mathrm{b}\mathrm{e}\mathrm{s}\mathrm{t}\ddot{\mathrm{m}}$dige Endlichkeit)
(2) (4 )
(3) ( ) ( )
(4) (13 )
$\int\frac{\partial u}{\partial p}ds=0$
$\int(u\frac{\partial u’}{\partial p}-u’\frac{\partial u}{\partial p})ds$
$u’=1$ ! $u[, u’]$ 10
(5) (19 ) 16 (Theorie der Abel’schen
Fhnktionen 3, 4 1 )
( ) ( 2
5 ) $\text{ }$
$\Omega$
( H. A. Schwarz Monatsberichte
der Berliner Akademie, 1870 10 Journal $\mathrm{f}$. Mathematik 74 C.
Neumann, Untersuchungen \"uber das logarithmische und Newton’sche Potential,
Leipzig 1877; Vorlesungen \"uber Riemann’s Theorie der Abel’schen Integrale, 2.
Auflage, Leipzig 1884 )
(6) (22 ) 17










$\gamma$ 1 $O’$ $O’$ $\rho$ $\rho$





$\rho=R$ $\rho=r$ ( $r<R$) $L$
$\int_{r}^{R}d\rho\int_{0}^{2\pi}[(\frac{\partial\gamma}{\partial x})^{2}+(\frac{\partial\gamma}{\partial y})^{2}]\rho d\varphi>\int_{r}^{R}\frac{a}{\rho}d\rho>a(\log R-\log r)$ .
$r=Re^{-\mathcal{Q}}a$ $>C$ $T’$















16 : $\omega=\alpha+\lambda$ $\Omega$ $\lambda$
1 $\Omega$ $\lambda$
$\lambda$ $\partial\lambda$
$\overline{\partial x}\text{ }\overline{\partial y}$
$\omega$ 1
$\lambda=0$
(7) (26 ) ( )
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